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I  There  are  several  reasons  for  studyinp.  dcterminiscic  models  of  computer  ^ 

■systems  and  their  work  loads^:  ,  ^  ^ 

(I)  With  dotorministic  models,  we  can  carry  out  a  worst-case  or  a  best- 
j  case  analysis  so  that  we  can  obtain  uppcrbounds  or  lower-hounds  on  the  performance 


j  of  a  svstem  under  all  nossible  circumstances; 

I 

i 

j  (2)  Effects  of  variation  of  system  parameters  can  be  studied  more 

i  directly  and  explicitly,' 

(3)  There  exists  che  possibility  of  designing  optimal  algorithms  for 

the  effective  utilization  of  system  resources.  Such  algorithms  often  behave  well 

when  the  systems  deviate  from  the  (deterministic)  model. 

We  present  here  three  closely  related  topics  to  illustrate  some  of  the 

aspects  of  deterministic  modelling.  Accession  For 
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-  A  MODI' L 

We  describe  first  a  general  model  of  computing  system  which  can  be 
specialized  in  various  ways  to  include  most  of  the  results  we  are  going  to  present. 
Wc  make  the  following  assumptions  ; 

(1)  A  computing  system  consists  of  two  classes  of  resources,  dedicated 
resources-  and  shared  resources .  In  each  class,  there  are  different  kinds  of 
resources. 


(2)  There  is  a  certain  number  of  units  of  dedicated  resources  of  each 
kind.  The  execution  of  a  job  requires  an  integral  number  of  units  of  each  kind, 
including  zero  unit  ns  a  possibility.  The  e.xecution  of  a  job  completely  occupies 
a  unit,  and  no  otl\er  jobs  can  be  executed  on  the  same  unit  concurrently,  Jvxamnles 
of  dedicated  resources  are  processors,  input-output  devices,  and  so  on. 

•J. 

(0  Tiu'rc  is  a  unit  of  slwu'ed  rosouro.os  of  eacii  kind‘*  The  oxocticon  of.a 
job  requires  a  fraction  ot  the  unit  of  each  kind  of  shared  resources,  including 
zero  ns  a  possibility.  Concurrent  execution  of  a  number  of  jobs  might  share  the 
same  unit  of  sh.ired  rosourcos,  provided  that  tl\e  sum  of  tlio  fractions  of  the  unit 
they  share  does  not  exceed  i)ao.  Examples  of  shared  resources  are  core  memories, 
magnetic  disks  and  drums,  <ind  so  on. 

(A)  The  units  of  each  kind  of  dedicated  resources  might  not  be  identi¬ 
cal.  It  might  be  the  case  that  the  execution  times  will  be  different  when  a  job  is 
executed  on  different  units  of  one  kind  of  dedicated  resources.  It  might  be  the 
case  that  job  can  only  be  executed  on  some  of  the  units  of  a  particular  kind  of 
dedicated  resource.  Since  the  execution  of  a  job  might  require,  in  general,  more 
than  one  unit  of  dedicated  resources  of  each  kind,  the  execution  of  a  job  is  said 
to  be  completed  if  its  execution  on  all  units  is  completed. 

(5)  The  unit  of  each  kind  of  shared  resources  is  considered  to  be 
uniform,  A  job  will  release  the  portions  of  shared  resources  it  occupies  when 
its  execution  on  all  units  of  dedicated  resources  is  completed. 


There  is  no  loss  in  generality  in  normalizing  each  kind  of  shared  resources  to 


one  unit. 


.11  -  A  MODIvL 

p  - 1 1.  - . 

We  describe  first  a  general  model  of  computing  system  which  can  be 
specialized  in  various  ways  to  include  most  of  the  results  we  are  going  to  present. 
Wc  make  the  following  assumptions  : 

(1)  A  computing  svstem  consists  of  two  classes  of  resources,  dedicated 
resources-  and  shared  resources .  In  each  class,  there  arc  different  kinds  of 
resources. 


(2)  There  is  a  certain  number  of  units  of  dedicated  resources  of  each 
kind.  Tlie  execution  of  a  job  requires  an  integral  number  of  units  of  each  kind, 
including  zero  unit  ns  a  possibility.  The  execution  of  a  job  completely  occupies 
a  unit,  and  no  other  jobs  can  be  executed  on  the  same  unit  concurrently.  F.xamnles 
of  dedicated  resources  are  processors,  input-output  devices,  and  so  on. 

•I. 

(0  Tiu*rc  is  j  uiu*  c  of  shared  rosourr.os  of  each  kind**  The  excctiton  of.a 
job  requires  a  fraccion  ot  Che  unit  of  each  kind  of  shared  resources,  including 
zero  as  a  possibility.  Concurrent  execution  of  a  number  of  jobs  might  share  the 
same  unit  of  shared  rosourcos,  proviflod  tiiat  ti\e  sum  of  the  fractions  of  the  unit 
they  siiart‘  does  not  oxcood  t>no.  kxamplo.s  of  shared  resources  are  core  memories, 
magnetic  disks  and  drums,  .ind  so  on. 

(A)  The  units  of  each  kind  of  dedicated  resources  might  not  be  identi¬ 
cal.  It  might  be  the  case  that  the  execution  times  will  be  different  when  a  job  is 
executed  on  different  units  of  one  kind  of  dedicated  resources.  It  might  be  the 
case  that  job  can  only  be  executed  on  some  of  the  units  of  a  particular  kind  of 
dedicated  resource.  Since  the  execution  of  a  job  might  require,  in  general,  more 
than  one  unit  of  dedicated  resources  of  each  kind,  the  execution  of  a  job  is  said 
to  be  completed  if  its  execution  on  all  units  is  completed. 

(5)  The  unit  of  each  kind  of  shared  resources  is  considered  to  be 
uniform.  A  job  will  release  Che  portions  of  shared  resources  it  occupies  when 
its  execution  on  all  units  of  dedicated  resources  is  completed. 


There  is  no  loss  in  generality  in  normalizing  each  kind  of  shared  resources  to 


one  un i c . 


Lac  j  =«  {J,,  J,,  J.,;..)  be  a  set  oC  jobs  and  '<  be  a  precedence 

A  -  ^  ... 

relation  *on  J  That  <  J,  means  the  execution  of  job  cannot  begin  until 

:£he  execution  of  job  Jj,  has  been  completed.  is  calU'd  a  predecessor  cf  and 
is  called  a  successor  of  A  sec  of  job  is  said  tc  be  independent  if  the  pre¬ 
cedence  relation  <  is  empty.  Each  job  in  J  is  specified  in  the  following  way  ; 

Let  p  denote  the  number  of  kinds  of  dedicated  resources  and  n  denote  the  number 

k 

of  units  of  each  kind  in  the  computing  system  on  which  the  sec  of  jobs  J  is  to 

be  executed.  Lot  q  denote  the  number  of  kinds  of  shared  resources.  The  utiliza¬ 

tion  of  the  dedicated  resources  by  a  job  Jj,  is  specified  by  a  p  >•■  n  m.ntrix 

T  «  j'C;;!!  «'»nd  a  p  component  vector  U.,  «  !*u.!l,  whore  0  ilt..  <  o#  and  for  each 
N  1  J  N  1  ”  I  j  ~ 

i  there  esi.scs  at  least  one  j  such  that  t..  •'  ",  and  u.  i.s  an  integer  such  that 

^  ch 

The  value  of  t.  .  is  the  time  it  takes  fo  execute  job  J  on  the  j  unit 
‘  i  J  K 

of  dedicated  resources  of  tlio  i  kind.  That  Cj^j  =  «  means ^  that  job  cannot  be 
executed  on  the  J  '  units  dedicated  resource’s  on  the  i'’*'  kind.  The  value  of 

Uj^  IS  Che  number  of  units  of  dedicated  resources  on  the  i  kind  which  the 

k  k 

execution  of  job  renuiros.  Similarly,  the  utilization  of  the  shared 

resources  bv  J  i.s  specified  by  a  q  component  vector  V  «  where  0<v.  <1. 

*  »  ♦  » th  »  K  i  i  •“ 

The  value  of  is  the  fraction  on  the'  i  kind  of  shared  resources  which  Che 

execution  of  job  J,.  I’equircs. 


11  -  SCllKDULIN’C  TO  COMPLETION  TIME 


Uy  schedu  1  iny  n  sot  of  jobs  on  a  cuinputing  system*  we  mean  to  assign* 
within  certain  time  interval (s),  to  each  job  resources  that  arc  needed  for  its 
execution  with  the  constraint  that  all  the  resources  needed  for  the  execution  of 
a  job  are  assigned  to  the  job  simultaneously,  A  schedule  is  a  specification  of  the 
assignment  of  resources  to  the  jobs*  and  a  scheduling  algorithm  is  a  procedure 
that  produces  a  schedule  Cor  every  given  set  of  jobs.  By  preemptive  scheduling 
discipline  *  we  moan  to  allow  the  interruption  of  the  execution  of  jobs  in  a 
schedule.  By  non*"prQO.uptivQ  scheduling  discipline*  we  mean  the  execution  of  a 
job  must  continue  until  completion*  once  its  execution  commences. 


Different  criteria  can  be  vised  to  measure  how  good  a  schedule  is.  The 
most  common  one  is  the  completion  time  of  a  schedule,  that  is*  the  total  time  it 


A  precedence  relation  is  a  binary  relation  chat  is  antisymnetric  and  transitive. 
As  will  be  seen,  there  is  no  loss  of  generality  in  assuming  that  there  is  the 
same  number  of  units  in  each  kind  oi  dedicated  resources. 


kk  th 

Kor  each  ) ,  u.  is  not  larger  tha  .  the  number  of  finite  entries  in  the  i  row 


{taKes  to  complete  the  execution  o£  a  set  of  jobs  according  to  the  schedule, 
.Clearly,  for  a  given  sec  of  jobs,  a  "good"  scheuule  is  one  Hitl'  "short"  completion 
cimej',  and  ah  optimal  schedule  is  one  with  shortest  possible  execution  time,;  The 
effectiveness  of  a  scheduling  algorithm  is  measured  by  how  good  the  schedules  it 
produces  hre.  One  might  wLsl>  to  consider  the  worst  case  performance  of  a  sche¬ 
duling  algorithm,  or  one  might  wish  to  consider  the  average  case  performance  of 
scheduling  algorithm.  Most  of  the  current  works  arc  concerned  with  Che  worst 
case  performance  analysis  of  scheduling  algorithms.  Wo.  sl\all  make  an  attempt  to 
identify  some  of  the  general  features  of  scheduling  algorithms  whose  effective¬ 
ness  will  be  measured  by  the  completion  time  of  the  schedules  they  produce. 


mal  schedules  and  algorithms  chat  produce  optimal  schedules  are  of  significant 
interest.  Unfortunately,  very  little  is  known  about  "efficient"  algorithms  Chat 
produce  optimal  schedules  for  arbitrary  computing  systems  and  arbitrary  secs  of 
jobs.  As  a  matter  of  fact,  efficient  algorithms  Chat  produce  optimal  schedules 
are  known  only  for  the  following  cases  ; 


(i)  Jobs  havinp,  unit  execution  times  vfith  the  nrecedence  relation  over 
them  being  a  forest  are  to  be  scheduled  on  a  cumputing  system  with 
identical  processors, 

(li)  Jobs  having  unit  execittion  times  are  to  be  scheduled  on  a  computing 
system  with  two  identical  processors. 


Wo  shall  describe  an  algorithm  due  to  ilu  I  "31  which  produces  an  optimal 
schedule  for  case  (i).  We  introduce  first  the  notion  of  demand  scheduling 
algorithm.  A  demand  scheduling  algorithm  is  one  that  always  actemps  to  schedule 

4* 

executable  jobs  resources  that  are  free  at  any  time  instant.  In  ocher  words, 
a  demand  scheduling  algorithm  never  leaves  any  resources  idle  intentionally.^  A 
narticularly simple  class  o.f  demand  scheduling  algorithms  is  kno\<m  as  list 
scheduling  algorithms.  A  list  scheduling  algorithm  assigns  distinct  priorities 

t  !  !  ~ 

A  job  IS  said  to  be  executable  at  a  time  instant  if  executions  of  its  predeces¬ 
sors  have  all  been  completed  at  that  time  instant. 

It  IS  not  difficult  to  construct  er.amnles  to  show  chat  there  are  optimal  sche¬ 
dules  in  which  resources  are  left  idie  intentionally. 


to  jobs  and  allocates  resources  to  jobs  v;ith  highest  priorities  among  all  executa¬ 
ble  ones  at  any  time  instant, 

I!u*s  algorithm  is  a  list  scheduling  algorithm,  /Je  define  first  the 
notion  of  the  level  of  a  job  : 

(i )  Vne  Level  of  a  job  that  has  no  successor  is  dc  fined  to  be  I  . 

(ii)  Tlie  level  of  a  job  that  one  or  more  successors  is  equal  to  one  plus 
the  maximum  value  of  the  levels  of  its  successors. 

In  Hu's  algorithm  priorities  arc  assigned  to  jobs  according  to  their  levels  such 
that  jobs  of  higher  Levels  vill  Iiave  fiigher  priorities.  (Assignment  of  priorities 
to  jobs  of  the  s<amc  level  is  arbitrary,)  Hsu  *  HU  1  contains  a  simple  proof  chat 
Hu’s  algorithm  produces  optimal  schedules  for  case  (i) ,  See  also  Chen  and  Liu  [^]. 

Fujii,  Kasami,  and  Mlnomiya  r.F21  and  Coffman  and  Graham  [07]  discovered 
algorithms  that  produce  optimal  schedules  for  case  (ii)  ,  Me  present  here  Coffman 
and  Graham’s  algorithm,  vhich  is  also  a  list  scheduling  algorithm.  In  Coffman  and 
Graham’s  algorithm,  priorities  are  assigned  to  jobs  as  follows  : 

(i)  Starting  vic!i  I,  which  is  the  lowest  priority,  distinct  and  conse¬ 
cutive  priorities  are  assigned  to  jobs  chat  have  no  successors 
arb i trar j ly . 


(ii.)  Priorities  are  assigned  to  jobs  with  one  or  more  successors 
recurs ive ly  : 

(a)  A  job  to  all  of  whose  successors  priorities  have  been  assi¬ 
gned  will  be  labclleci  with  t!ic  priorities  of  ic.s  successors 
ii.,  i^,,,.)  in  ;lecroasLng  order. 


{b)  Compare  tlie  iaboLs  of  all  label  lod  joh.s  .according  to  the 
lexicographical  order,  St.arting  wicli  th.e  lowest  unassigned 
prieriiy,  distinct-  aiui  censecuiive  priori  tie.s  are  assigned 
CO  tlio  i;;belle<l  -ohs  sucii  tiiat  jobs  with  larger  labels  will  be 
ass  ;  gno'i  !i  i  ghor  r  ior  i  t  ies  . 


Wo  siiould  pome  vuL  Chat  chcro  is  a  Large  body  of  literatures  on  obtain* 
ning  optimal  schedules  by  the  methods  of  cumplote  enumerationi  mixed  integer  and 
nonlinear  prog. anuni ng,  and  dynamic  programming.  Note  that  in  these  approaches, 
the  computation  time  rcc|uircd  to  produce  an  optimal  schedule  will  be  an  exponen¬ 
tial  function  of  the  number  of  jobs  to  be  scheduled.  We  refer  the  reader  to 

Lenstra  i  1.4  ;  and  Kinooy  Kan  I  K1  ].  Sec  also  HorowLc::  and  Sahni  [  lll'J  and  Sahni  fSI]* 

2 .  rherc  arc  si:n[>U»  scheduling  algori  ihms  tliat  spend  very  little  effort 
for  a  sch»‘duU-.  Altiuist.  diri'ctiy  opposiiu  lo  t:ho  approach  of  spending  a 

li>t  of  el  fort  CO  di*Lermini-  an  ontimal  schedule,  one  could  consider  the  aooroach 

of  sneutiinc  little  or  r.o  ..-ffort  to  search  ♦‘or  a  reasonably  good  sciicdule.  In 
view  ol  til-'  -'iscovt-rv  t)f  f  in*  class  of  NP-cninp  |  i^tc  prchlcms,  such  an  approach  heco^ 
mes  a  particularly  accraccive  one.  (As  gcn(‘ral  references  to  c!ie  area  of  approxi¬ 
mation  a  i  .’.or  L  dims ,  see  Johnson  1  J 1 ‘i  and  Carey  and  Johnson  [02!  ).  For  example,  a 
very  simple  scheduling  aig‘>rithm  is  a  list  scheduling  algorithm  with  arbitrary 
assignment  c\  priorities,  [he  Ci^llowing  result  is  clue  to  Graham  ^G6,  G7 ,  G8]  ; 

ih.-^T'tvM  [  :  !h'>r  a  computing  system  with  u  idonticai  processors,  let  u» 
dfuote  tiu;  cc-mp  i-c  t  iv)n  time  ot  a  scriodule  lor  a  given  set  of  jobs  produced  by  an 
arbitrary  list  scliecluling  aigoritiim  and  let  u  denote  the  shortest  possible  com- 

t.  ^ 

pie  cion  tine.*  fiien 


For  =  J,  lilt’  rMtion.  in  Theorem  1  is  up[K» r!]Otjndc<l  hy  die  cons¬ 

tant  J/2.  Iliac  is,  in  terns  of  the  comnlotion  time  a  schedule  nroduced  by  any 
list  schedulin'^,  algcrith.r.  is  not  worse  tiuin  .in  ontimal  schedule  by  50Z .  VTicn 
the  number  of  processors  in  the  system  increases,  although  the  comparison 
becomes  less  favorable,  t:ic  sub-oncLmal  sciicdule  is  never  worse  than  an  ontimal 
schedule  bv 


From  now  on,  we  shall 
arbitrary  sehcdul*"  .aid 


consistently  use  m  to  denote  r’no  completion  tiruc  of  an 
10  denote  the  completion  time  of  an  optimal  schedule. 


Thedrom  1  can  be  extended  immediately  ! 

Thedroin  2  (Liu  and  Liu  CL7]):For  a  computing  system  with  Oj  processors: 
of  speed  bj,  n^  processors  of  speed  b^i  ...»  processors  of  speed  bj^,  wKere 
b|  >  b,,  >  . . .  >  bj^  >  I ,  wb  have  ...  . 


*0  1 


“l 


n ,  b . 

.  ,  i  i 

1=1 


Garo.y  and  Grnhnm  [Gil,  and  Yao  [Yll  studied  list  scheduling  algorithms 
for  computing  systems  with  sluired  resources.  Vov  example,  similar  to  Theorems  1 
and  2,  wo  have. 

Theorem  3  (Carey  and  Graiuam  CGIJ)  :  For  a  computing  system  with  n 
identical  processors  and  one  kind  of  shared  resources,  we  have 


Theorem  (Carey  and  Graham  [Gl  1)  :  For  a  computing  system  with  two  or 
more  processors  and  q  kinds  of  shared  resources  and  for  a  set  of  independent  jobs, 
we  have 


q  +  2 


See  also  fll,  Kl,  L7,  LS,  L9l  where  various  extensions  of  Che  case 
where  Che  processor  are  not  identical  were  studied. 


^ •  Ti^oro  are  cases  in  which  an  algorithm  that  produces  optimal  schf.dules 
under  a  certain  set  of  conditions  is  applied  to  situations  that  do  not  satisfy 
these  conditiens.  Tiie  following  results  illustrate  this  point  : 

Theorem  S  (Chen  102  3)  :  hlicn  llu*s  algorithm  is  applied  to  schedule  a 
set  of  wiiii  unit  execution  times  on  a  computing  system  with  n  identical  pro* 

ssors .  Then 


n  “  2 


Kiiifman  fKS'l  oxconded  Hu's  nlj'oriLhm  to  the  scheduling  of  jobs  with 
unequal  exocuLi^''n  times  on  a  computing  system  with  n  identical  processors,  where 
the  precedence  rel.icion  over  the  jobs  is  a  forest.  By  defining  the  level  of  a  job 
to  be  the  lonj*.tl>  of  the  chain  between  the  job  and  the  root  of  the  tree  it  is  in 
(including  the  execution  time  of  the  job  itself),  Kaufman  has  shown  that 


Tlicorom  1  :  In  tiie  extended  Hu's  algorithm  described  above 

u  <  (1)  +  k  -  k/n 
=  p 

where  u  is  the  completion  time  when  the  jobs  are  executed  according  to  an  opti- 
P  • 

mnl  preenptivo  schedule,  and  k  is  Che  execution  time  of  the  longest  job  in  Che 
sec* 


4.  Thcronre  algorithms  Chat  perform  a  certain  .amount  of  computation 
in  order  to  produce  good  schedules ,  For  example,  consider  the  problem  of  schedu¬ 
ling  a  set  of  independent  jobs  on  a  computing  system  with  n  identical  processors. 
If  *  '  sort  the  jobs  according  to  their  execution  times  and  assign  high  priorities 
to  jobs  with  long  execution  times,  we  can  upporbound  the  worse  case  behavior  of 
such  a  list  scheduling  algorithm  by  : 

Theorem  8  (Graham  [G7*j)  :  For  the  scheduling  algorithm  described  above 

_a)  ^  ^ _ 


I'ixtension  of  chc  idea  of  assigning  high  prioricies  to  jobs  with  long 
execution  times  to  computing  systems  with  non-identical  processors  have  been  car¬ 
ried  out  in  Conxales,  Ibarra,  and  Salmi  CG9i,  and  Ibarra  and  Kim  f.Il]  . 

As  atiothor  example',  wo  consider  the  following  algortihm  for  scheduling 
a  set  of  indepondeiu  jotis  on  a  computing  system  with  n  identical  processors  :  We 
pick  out  the  k  longest  jobs  in  the  set  and  schedule  them  in  such  a  vmy  that  the 
total  execution  time  (for  the  execution  of  those  k  Jobs)  is  minimum.  The  remai¬ 
ning  jobs  will  1)0  scheduled  according  to  the  rule  Chat  whenever  a  processor  is 
free  an  arbitrarily  chosen  job  will  be  exocutotl  on  that  processor.  Graham  LG7] 
has  shown  that 


Theorem  ^  :  Por  the  scheduling  algorithm  described  above 


-^  <  1  + 
“'O  = 


n 


5.  Oiu'  can  consider  algorithms  that  produce  .schedule's  which  are  ns 
close  to  optimal  seliednlGS  .is  it  is  desired  at  the  expense  of  computation  time. 

An  algorithm  is  said  to  he  an  ■.•-annroxipi.aciQn  algorithm  if  for  a  given  «  the 
algorithm  will  yield  a  schedule  such  that  the  ratio  (oi-u)g)/uiQ  is  less  than  e. 
Sahni  ISlJ  studied  the  problem  of  scheduling  a  set  of  independent  jobs  on  a  com¬ 
puting  system  '.vith  n  identical  processors  and  obtained  an  c-approximacion 
*  3  n**  t 

;ili’oritlun  whosi.-  romp  I*  kI  ly  is  )  whoro  in  is  tho  number  of  Jobs  is  the 

Sfl  . 

Ill  -  SilllKDlllj:  TO  MKi-.T  OKADLINKS 


To  illuscrnCG  some  ocher  aspects  of  the  scheduling  problem,  we  shall 
survey  some  of  the  revsults  on  a  generalization  of  our  model  by  assuming  that  each 
job  has  a  ready  time,  a  time  at  or  after  which  execution  of  the  job  can  begin, 
and  a  dead)  ine,  a  time  at  or  prior  to  which  execution  of  the  job  must  be  comple-* 
ted*Fora  given  computing  system  with  fixed  amounts  of  resources,  a  set  of  job  is 
said  to  bo  scuedulable  [f  there  is  a  schedule  according  to  which  all  jobs  can  be 
executed  to  meet  Choir  deadlines.  Such  a  schedule  will  be  referred  to  as  a  feasi* 
hK:  schedule  for  Che  set  of  ji)l>s,  A  set  of  jobs  is  said  to  he  schedulable  by  a 
scheduling  algorithm  if  the  algoritiu  yields  a  feasible  schedule  for  Che  set. 
Consequently,  a  schodulinp,  algotithm  is  said  Co  be  optimal  if  it 


yields  a  feasible  schedule  for  every  schedulablo  sec  of  jobs*  Oh  che  ocher  hand^ 
tf  a  scheduling  algorichm  is  not  opcinmli  one  would  wish  Co  measure  the  effecci- 
veness  of  che  algorichm  is  terms  of  the  fraction  of  schedulable  secs  of  jobs  ic 
is  capable  of  scheduling. 

scheduling.  Garey  and  Johnson  fGA,  C51  obtained  an  optimal 
scheduling  algorithm  for  the  following  case  : 

(i)  The  computer  system  lias  two  identical  processors*. 

(ii)  Knch  job  lus  unit  execution  time. 

(iii)  Kach  job  has  a  prespecified  ready  time  and  deadline. 

(iv)  There  is  an  arbitrary  precedence  constraint  over  the  jobs. 

Garey  and  Johnson’s  algorithm  yields  a  schedule  that  euablcs  the  completion  of  each 
job  before  each  deadline  if  such  a  scl)odule  exists. 

2.  Real-*cime  sci^eduling.  In  many  cases  when  a  computer  is  used  for 
control  or  monitoring  ^’unccions^  the  following  model  is  encountered. 

(i)  Tliece  is  a  single  processor  in  the  computer  system. 

(ii)  Rach  job  has  a  ready  time  and  a  deadline. 

(iii)  The  execution  of  a  job  can  be  preempted  by  a  another  job. 

In  fLl,  L6,  S31,  an  algorithm  know  as  earliest  deadline  first  algo¬ 
rithm  has  becMi  shown  to  be  optimal.  The  earliest  deadline  first  algorithm  always 
execute  a  job  that  has  the  earliest  deadline  among  ali  the  ready  jobs.  Thus,  a 
newly  arrived  job  will  preempt  a  job  that  is  currently  being  executed  if  the  new 
arrival  has  an  earlier  deadline.  The  earliest  deadline  first  algorithm  is  optimal 
in  the  sense  that  if  a  sec  of  jobs  can  be  scheduled  by  any  algorichm,  it  can  also 
be  scheduled  by  the  earliest  deadline  first  algorithm. 


Some  variations  of  Clio  pr  blem  are  : 


(i)  the  execution  of  a  job  cannot  be  preempted. 


(ii)  There  are  two  or  more  processors  in  the  computer  system, 

(iii)  There  is  a  precedence  constraint  over  the  jobs. 

(iv)  The  execution  of  a  job  rosuiros  other  kinds  of  resources* 


.lobs  wi  lit  Periodic  Requests 


A  special  case  of  real  time  chcduling  was  studied  in  [L6].  In  this 
case,  a  job  consists  of  a  periodic  stream  of  requests.  That  is,  a  job  demands 
periodically  C.  units  of  computation  time  in  every  T.  units  of  time  (T.  is  refer¬ 
red  to  as  the  reque  t  period),  and  the  deadline  of  a  request  is  assumed  to  be  the 
re.ndy  time  of  the  next  request  of  the  same  job,  Mthour.li  the  earliest  deadline 
first  scheduling  alyocithm  can  be  applied  to  Cl>is  case,  another  scheduling  algo¬ 
rithm  known  as  the  rate  monotonic  algorithm  has  been  studied.  In  Che  rate  monoto¬ 
nic  algorithm,  requests  of  a  job  with  the  shortest  rennest  period  always  have 
priority  over  the  requests  of  a  job  with  a  longer  request  period.  Not  only  such 
an  algorithm  is  easy  to  implement,  its  simplicity  also  enables  us  to  carry  out  a 
more  chorougli  analysis  of  its  performance.  We  have 

Theorem  i  :  Any  sot  of  n  jobs  with  T.  -r-  n  (2  ”  -  1)  can  be  sche- 

i  =  l  i 

duled  by  the  rate  monotvinic  algorithm  to  moot  all  deadlines.  Furthermore,  there 

is  a  sot  ofc  n  jobs  with  —>  n  {2  -  1 )  that  cannot  be  scheduled  by  the 

i*!  i 

rate  monotonic  algorithm. 

Theorem'  1  is  again  another  example  illustrating  the  possibility  of 
lower  bounding  the  performance  of  a  system.  Note  that  ^^/T^  is  the  percentage  of 
time  the  jobs  will  utilize  tiie  processor.  Consequently,  Theorem  1  says  that  if 
a  set  of  jobs  doesnot  try  Lo  utilize  the  processor  beyond  a  certain  percentage, 
the  rate  monotc'nic  algorithm  can  guarantee  that  all  deadlines  will  bo  met  .  (Spe¬ 
cifically,  for  n=2,  n  (2*^“  -  !)  =  0.828,  for  n  -*  <«,  n  (2*^^  -  1)  -►  0.63).  Note 

that  there  are  sets  of  jobs  with  a  t  cal  util izatign  above  the  bound  which  can 

still  be  scheduled  by  the  race  monot  -nic  algorithm.  However,  our  bound  provides 


•jJjjpuSfantce  undor  the  worst  possible  situation. 

Another  resuoU  of  the  same  flavor  is  an  estimation  on  the  slack. time 
of  a  request  which  is  defined  to  be  the  time  span  between  the  eomplction  of  the 
execution  of  a  request  and  its  deadline.  In  many  practical  situation,  not  only 
do  we  wish  to  moot  all  the  deadlines,  wo  also  would  like  to  have  a  large  slack 
time  if  possible.  Wo  can  show  that  [L5]  ; 

Tlioorom  2  !  If  tlio  first  requests  of  all  jobs  occur  at  t  ■  0,  then  the 
slack  time  of  any  request  is  larger  tlian  or  equal  to  the  slack  time  of  the  first 
request  of  tl>c  same  job. 

Theorem  1  :  for  a  set  of  n  jobs  with  T.  <  n  (2  -  1),  the  slack 

i » I  i 

time  of  any  roquesc  is  larger  than  a  equal  to  0.207  g  where  g  is  the  last  quantum 
of  proce.ssor  time  al  located  to  the  first  request  of  the  s.ame  job. 

n  0 .  I  , 

Theorem  :  Tor  a  set  of  n  jobs  wich  F.  — ^  <  n  (2  -  I)  and  with 

i»l  T. 

i 

T^^  h  2  T^_|»  flic  slack  time  of  any  request  of  is  larger  than  or  equal  to 

0,207  g  where  g  is  the  last  quantum  of  processor  time  allocated  to  that  request. 

Again,  note  the  possibility  of  lower  bounding  tie  performance  of  a 
system  under  some  very  general  conditions. 

"  IHN  TACKING  ALGORITHM 

Tlie  bin  packing  problem  can  be  described  as  placing  a  list  of  "pieces" 
of  size  larger  than  0  and  less  than  or  equal  to  1  into  "bins"  of  size  !  so  ns  to 
minimize  the  total  number  of  bins  utilized.  There  are  some  immediate  interpreta¬ 
tions  of  the  bin  packing  problem  : 

(i)  Table  formatting  :  To  place  items  of  data  (pieces)  in  computer 
words  of  fixed  size  (bins). 

(ii)  Propaging  :  To  place  program  segments  (pieces)  into  pages  (bins). 


(iii)  Tile  allocation  :  la  nlacc  files  (nieces)  on  disk  tracks  (bins). 


■number  of  bins ,  On  the  other  hand,  the  performance  of  a  suboptimnl  algorithm  can 
be  measured  by  the  quantity  lim  f(k),  where  for  a  fixed  k  K(k)  is  the  maximum 

k./<9 

number  of  bins  used  by  the  algorithm  over  all  possible  lists  of  pieces  that  can 
be  packed  into  k  bins  by  an  optimal  algorithm  divided  by  k. 

1 .  On-line  Algoritimis 

A  bin  packing  algorithm  is  said  to  bo  an  on-line  algoritlim  if  the  pie¬ 
ces  arc  available  one  at  a  time  and  a  piece  must  be  assigned  to  a  bin  before  the 

next  one  becomes  avnllable.  We  mention  first  three  well'-knovm  algorithms  : 

Next  fit  (N'F)  algorithm  :  A  piece  will  ho  place  into  the  "current  bin" 
if  it  can  he  fit  into  that  bin.  If  not,  a  how  bin  will  be  used  and  will  be  desi¬ 
gnated  the  current  l)in. 

First-fit  (FF)  algorithm  :  the  bins  will  be  indexed  Rj ,  R2****  piece 

will  be  placed  into  a  bin  hj  that  can  accomodate  it  with  the  smallest  index  j. 

Host-fit  (UF)  algorithm  :  The  bins  will  bo  indexed  Rj ,  Bj...  A  piece 
will  be  placed  into  a  bin  chat  has  been  filled  to  a  highest  possible  level  and 
can  still  accomadate  the  piece.  If  there  are  more  than  one  such  bin,  choose  the 
one  with  the  smallest  index  j. 

Ke  have  [J3l  : 

Theorem  1  : 


lim  NF(k) 

k  « 

lim  FF(k) 

k  ® 

lim  RF(k) 

k  ^ 

A  new  on-lin''  algorithm  was  proposed  by  Yao  [y2]  which  is  known  as  the 
refined  first  fit  (RFF)  algorithm.  The  refined  first  fit  algorithm  can  be  descri¬ 
bed  as  follows  ; 


=  2 

12 
"  'lO 

-  H 

U) 


(1)  iV  pioco  will  be  called  an  /l-pieco.Bj-pieceiSij-piocc,  or  X-piece 
ilf '.lIIc  size  dC  the  piece  is  in  Che  interval  (1/2,  1.1,  (2/5,  1/2.1,  (1/3,  2/5],  or 
.(6,  1/3],  respectively, 

(2)  The  set  of  all  bins  are  divided  into  four  infinite 'classes,  to 
bd  referred  to  as  cl.nss  1,  2,  3,  4,  respectively, 

(3)  l.et  m  be  a  fixed  integer  whose  value  can  be  chosen  as  6,  7,  8, 

or  9, 


•  *  ch  • 

(4)  Suppose  the  first  j-i  pieces  have  been  assigned.  The  j  piece 

will  bcassigned  according  to  the  first-fit  algorithm  into  a  bin  of  a  certain 

class.  In  partic.»ilar, 

(i)  If  it  is  an  A-piece,  it  will  bo  assigned  to  a  class  1  bin, 

(ii)  If  it  is  .j  h, -piece,  it  will  be  assigned  to  a  class  2  bin. 

(iii)  If  it  is  a  B^-pieco,  but  not  die  (nu)-cb  ll^Tieco  seen  so  far 
for  some  intogor  i  I,  it  will  be  assigmiU  to  a  class  3  bin.  If  it  is  the  (mi)-th 
B., -piece  for  some  integer  i  a  1,  it  will  be  assigned  to  a  class  I  bin  containing 
an  A-piece  if  possible,  or  to  a  now  class  I  bin  otherwise. 

It  can  be  shown  that  CY21  : 

Thooran  2  :  li;n  RFF(k)  *  v 
-  i 

Y:io  I  y2  !  lias  also  obcainoil  a  lowt*r  btuind  on  the  performance  of  any 
on-line  bin  packinjA  algorichm  : 

3 

Theorem  I  :  For  any  on-line  packing  algorithm  S>  lim  S(k)  ^  x  • 

Ic  ®  ^ 

Qff'^linc  Algorithms 


A  !un  packing  algoriliim  is  said  to  he  an  off-line  algorithm  if  all 
the  pieces  for  packing  are  available  before  commencing. 

First-fit  decreasing  (FFI)i  algorithm  :  the  pieces  are  arranged  is  non- 
incresing  <irder  according  to  size  ar.  I  tiien  apply  the  first-fit  algorithm. 


Uosc-Cic  (Jecroa,si»g  (Bl'D)  algovi-thm  ;  The  pieces  arc  arranged  in  hon- 
incrosslng  order  according  co  size  and  chon  apply  the  hosc-fit  algorithm. 

Theorem  ^  ' 

Urn  I-TO(k)  »  4- 

k  «  •' 

!im  lU’D(k)  »  ™ 

k  ^ 

3.  Variaciog  oC  I'arameCers 

I’or  a  give  system  with  a  corcain  oerCormance  index,  one  often  would  want 
Co  know  how  che  pcrrormance  index  varies  as  one  or  more  of  the  paramocors  of  the 
system  varv.  .Such  inrormacion  will  bo  useful,  Cor  example,  in  determining  the 
cost-of feccivenoss  of  cuning  a  system  by  varying  some  of  Che  parameters.  A  study 
by  I'rioson  [I’l]  on  bin  packing  algorithms  provides  an  interesting  example.  I'or  a 
given  hin  (>acking  algorithm,  one  miglu  ask  how  the  alg('ri  ihm  behaves  If  instead 
of  nacking  the  pieces  into  bins  of  size  I  (the  standard  size)  we  shall  pack 
the  pieces  into  bins  of  sixe  (»  >  1.  This  is  exactly  Che  case  of  determining 
the  performance  of  a  paging  algorithm  when  the  size  of  a  page  is  increased. 

For  example,  an  interesting  ouestion  is  how  big  the  size  of  a  page  should  become 
so  that  a  suboptimal  paging  algorithm  will  not  uso.d  snore  pages  than  an  optimal 
naglng  algorithm  ivhen  the  latter  uses  oages  of  standard  size.  For  a  fixed  k, 
let  FFI)  (k)  denote  the  maximum  number  bins  of  size  a  used  bv  che  first  fit 
decreasing  algorithsii  over  all  possible  lists  of  pieces  that  can  be  packed  by  an 
optimal  algorithm  usins»  k  bins  of  standard  size  (1)  divided  by  k.  We  have  '"FI  3  : 


REFERRNCKS 


[Bl]  B.ier,  J.  L. ,  "A  survey  of  some  theoretical  aspects  of  multiprocessing," 
Compiitinn  Surveys,  5  (1973),  31-80. 

CB2]  Baker,  K.,  Tntrotkiction  to  .Sot|ucntM ng  .iiul  ScIumIuI  ini’.,  .lolin  Wi.loy  &  .Sons, 

197.'.. 

[  im  Bi'.azowic?.,  J.,  "Deadlino  scheduling  of  tasks  wicl>  ready  times  and  resource  ■ 
oonstraiius,"  Info.  I'rocossLng  Letters,  8  (1979),  60-63. 

[ R6]  Ul'nzcwicii,  j,  ;ind  .1.  '..'eglar?,,  "SchoduUng  under  resource  Constraints  -  achi¬ 
evements  and  prospects,"  Perfoimiance  of  Computer  .Systcm.s,  C.onforonce  Pre¬ 
prints,  A*"'*  International  Symposition  on  Modelling  and  Performance  Evaluation 
of  Compiitor  systems  Vol.  2,1  979. 

[B5.1  Brucker,  P.,  R.  I.enstra  .and  A.  11.  G.  Rinnooy  Kan,  "Complexity  of  machine 
scheduling  problems, "  Oper.  Res. 

[Cl!  Chandra,  A.  K. ,  and  C.  K.  Wong,  "Worst-case  analysis  of  a  placement  algori¬ 
thm  related  to  storage  allocation,"  SIAM  >1.  Computing,  4  (1975),  244-263. 

fC2l  Chen,  N.  F.,  "An  analysis  of  scheduling  algortithms  in  multiprocessing  com¬ 
puting  systems,"  Technical  Report  VlVCl)CS-R-75-724 ,  Department  of  Computer 
Science  University  of  Illinois  at  Urbama-Ch.ampaign,  1975. 

rC3j  Chen,  N.  F.  and  C.  L.  Liu,  "On  a  class  of  scheduling  algorithms  for  multi¬ 
processors  computing  systems,"  Proceedings  of  the  1974  Sagamore  Compviter 
Conference  on  Parallel  Processing  (1974),  1-16. 

[C4]  Coffman,  li.  G. ,  Jr.,  (ed.),  Computer  and  Yoh-Shop  scheduling  Theory,  John 
Wiley  &  Sons,  1976. 

fC51  Coffman,  K.  C.,  Jr.  and  P.  J.  Denning,  Opor.iting  Systems  Theory,  Prentice- 
holl,  1973. 


I 


f-C.61  Coffman,  li.  G.,  Jr.,  M.  R.  Garey,  and  D.  S.  Johnson,  "An  application  of  bih- 
packinj;  to  multiprocessor  scheduling,"  .SIAM  J.  .on  Compiiting,  7  (1978),,  l-i-7. 

fC7jCc)f fmnn,  K.  C,,  Jr.  and  R.  L.  Gr.nham,  "Optimal  scheduling  for  two  processor 
systems,"  Acta  Iiiform.atica,  1  (1972),  200-.213. 

f,C8JConw;iy,  U.  W.  h.  Maxwell  and  L.  M.  Miller,  Theory  of  Scheduling,  Addison- 
Wcsley,  19Cj7. 

CDIlDh.nll,  S.  K.,  and  C.  1..  I, in,  "On  a  real-time  sclicduling  problem,"  Operation 
research,  2()  (1978),  1 27-1  AO. 


f  FI  li’rio.sen,  I).  K.,  "Si'iir.i  tivity  An.alysis  for  hoiirislic  .i Igori  Chins,"  Technical 
liefort,  UI(K:DC8-K-78-'.mA,  August  1978,  DeparimenL  of  Compnlor  Science,  Uni¬ 
versity  .>1’  llliniii!!  .iL  (irbana-Ghampaign. 

'■F2  iFiij  i  i ,  M. ,  T.  Kas.imi,  .ind  K.  Minomiya,  "(Optimal  sequence  of  two  equivalent 
processors,"  .SIAM  J.  on  Applied  Maili.,  17  (19(i9),  78A-789.  lirratum, 

20  (1971),  lAl. 

fCIlGarey,  M.  It.,  and  1!.  I..  Grah.am,  "Hounds  for  imi  I  ci  processor  scheduling  with 
resource  constraints,  "SIA.M  J.  on  Computing,  A  (1975),  187-200. 

[GZjCarey.  M.  R. .  R.  h.  Graham,  and  D.  S.  Johnson,  "Performance  guarantees  for 
scheduling  algorLtl'.ms,"  Operations  Research,  26  (1978),  3-21  . 

[G31Garoy,  M.  R.,  it.  h.  Oraham,  D.  S.  Joiinson,  and  A.  C.  Yoa,  "Multiprocessor 
scheduling  as  generalized  bin-packing,"  J.  Comb.  Th.  21  (1976),  257-298. 

fCAJOarey,  M.  R. ,  and  1).  S.  Johnson,  "Scheduling  casks  rich  monuniform  deadlines 
or  two  processors,"  J .  ACM  23  (1976),  A61-A67. 

LGSJGaroy,  M.  R. ,  and  i).  S.  Johnson,  "Two-processors  scheduling  with  start-times 
and  de.idlines."  SIAM  J.  on  Computing,  6  (1977),  A16-A26. 


Jc6,l -.Graham,  Ri  L. ,  "Bounds  for  certain  multiprocessing  anomaliesj"  Bell  Sys. 
tech.  J..  45  (1966),  1563-1581. 

f;'G7l  Graham,  R.  1..,  "Bounds  on  multiprocessing  anomalies,"  .S.LVt  J.  on  Applied 
Math.,  17  (1969),  416-429. 

[GSl  Graham,  R.  L.,  "Bounds  on  multiprocessing  anomalies  and  related  packing 
problems,"  Proc.  of  the  Spring  Joint  Computer  Gonferonce  (1972),  205-217. 

l'G9]  Gonzales,  T.,  0.  11.  Ibarra,  and  S.  Sahni,  "Bounds  for  l.l’T  schedules  on  uni¬ 
form  processors,"  SIAM  J.  on  Computing,  6  (1977),  155-166. 

I'Giol  Gonzales,  T,,  and  S.  Sahni,  "Preemptive  scheduling  of  uniform  processor  sys- 
tems,"  J.  ACM,  25  (1978),  92-101. 

(111]  Horowitz,  F.. ,  and  S.  Sahni,  "Exact  and  approximate  algorithms  for  scheduling 
non  identical  processors,"  J.  ACM,  23  (1976),  317-327. 

(112]  Hsu,  M.  C.,  "Elomentary  proof  of  Hu's  theorem  on  isotine  mappings,"  Proc. 

A.M8.  17  (1966),  I  11-114. 

[H3]  Hu,  T.  C.,  "Parallel  scheduling  and  as.sombly  line  problems,"  Opor,  Res., 

9  (1961),  841-848. 

(11]  Ibarra,  0.  H.,  and  C.  E.  Kim,  "Heuristic  algorithms  for  scheduling  indepen¬ 
dent  tasks  on  non-identical  processors,"  .1.  ACM,  24  (1977),  280-289. 

fJI]  Johnson,  D.  S.,  "Approximation  algorithms  for  comhinstorial  problems," 

J.  Coinputor  and  Systems  Sclonoos,  9  (1974),  256-278. 

CJ2]  Johnson,  D.  S.,  "Fast  algorithms  for  bin  packing,"  J,  Computer  and  Systems 
Sciences,  8  (1974),  272-314. 

rJ3]  Johnson,  i).  S.,  A.  Domars,  J.  D.  Ullman,  M.  R.  Garey,  and  R.  1.  Graham, 

Wor.'^c-case  performance  bounds  for  simple  one  diraentional  packing  algorithms," 
SIAM  J.  on  Computing,  3  (1974),  299-325. 


Cki  ]  Kafura,  D.  C.,  "Analysis  of  schedulii;ig  algorithms  for  a  model  of  a  multi¬ 
processing  computer  system,"  Pli.  D.  Thesis,  Purdue  University,  ,1974. 

CK23  Kafura,  D.  G.,  and  V.  Y.  Shen,  "Gchodul ing  independent  processors  with 
different  storage  capacities,"  Proc,  A'G'M  National  Conf.  (1974),  161-166. 

fKll  Kafura,  D.  G.  and  V.  Y.  Shen,  "An  algorithm  to  design  the  memory  configura¬ 
tion  of  a  computer  network,"  Purdue  University,  Computer  .Science  technical 
Report,  1075. 

[K4']  Kafura,  D.  G. ,  and  V.  Y.  Shen,  "Task  sclieduling  on  a  multiprocessor  system 
with  independent  memories,"  SIAM  J.  on  Computing,  6  (1977),  167-187. 

[K53  Kaufman,  K.  T.,  "An  .ilmost-optimal  algorithm  for  the  assembly  line  schedu¬ 
ling  problem,"  IliliF.  Trans,  on  Comp.,  C-2‘3  (1974),  1169-1174. 

[Kb)  Krause,  K.  I..,  V.  Y.  Shen,  and  H.  D.  Schwetman,  "Analysis  of  several  task- 
sehodtiling  algorithms  for  a  model  of  multiprogramming  computer  systems" 

J.  ACM.  22  (1975),  522-550. 

[LI 3  Lahotoulle,  J.,  "Some  theorems  on  real  time  scheduling,  "Computer  Archicoc- 
tures  and  Networks,  F.  Golenbe  and  R.  Mehl  ed.,  .North-llolland  Publ.  Co., 
1974,  285-298. 

[1,21  Lam,  S.,  and  R.  Sethi,  "Worst  case  analysis  of  two  scheduling  algorithms," 
SlAl-I  J.  on  Gonputing,  6  (1977),  518-536, 

LL33  Lawler,  F.  L.,  and  J.  Labetoullo,  "On  preemptive  scheduling  of  unrelated 
parallel  processors  by  linear  programming,"  J.  ACM.  25  (1978),  612-619. 

[L43  Lenstra,  J.  K.,  SoguiMicing  by  Fnumerativo  Methods,  Mathematisch  Centrum, 
Amsterdam,  1976. 

[L53  Ciu,  C.  L. ,  J.  W.  S.  Liu,  and  A.  Liestman,  "Scheduling  with  slack  time," 

(to  appear). 

[1.61  Liu,  c.  L. ,  and  J.  W.  Layland,  "Scheduling  algorithms  for  multiprogramming 
in  a  Hard-roal-tiiJiO  envi  ronmoni  ,"  .1.  A(\M,  20  (I9?3),  46-61. 


■[Ii7|  Liu,  J.  W.  S.,  and  C.  Liu,  "Hounds  on  scheduling  algorithms  for  hetero¬ 
geneous  computing  systems,"  Proc.  of  the  1974  lyip  Cong.  (1974),  349-353. 

CL8J  Liu,  J.  W.  S.,  aiul  C.  L.  Liu,  "Performnnoe  analysis  of  multiprocessor  systems 
containing  functionally  dedicated  processors."  Acta  Tnfornwti.ca,  10  (1978), 
95-104. 

CL91  Liu,  J,  W.  .S,,  and  A.  "ang,  "Optimal  schiulul  i ng  of  iiulopendont  tasks  on  hete¬ 
rogeneous  computing  systems,"  Proc.  of  the  ACM  (1974),  38-45. 

CriI  Rinooy  Kan,  A.  11.  C. ,  Machine  Scheduling  Problems,  H.  R.  Stonfert  Kroese 
11.  V.,  Leiden,  1974  . 

CSl  1  .Sahni ,  S.,  "Algorithms  for  scheduling  independent  tasks,"  J.  ACM,  23  (1976), 
116-127. 

CS2]  Schindler,  S.,  "On  optimal  schedules  for  multiprocessor  systems,"  Proc.  of 
Princeton  Conf.  on  Information,  Sciencs  and  Systems  (1972),  219-223. 

CS3]  Berlin,  0.,  "Scheduling  of  time  critical  processes,"  Proc,  of  the  Spring 
Joint  Computers  Conference  (1972),  923-932. 

[Yll  Yao,  A.  C.,  "On  scheduling  unit-time  tasks  with  limited  resources,"  Proc.  of 
the  Sagamore  Conference  on  Parallel  Processing  (1974),  17-36. 

[Y2]  Yao,  A.  C.,  "New  algorithms  in  bin  packing,"  Technical  Report  STAN-CS-78-662 , 
September  1978,  Computer  Science  Department,  Stanford  U.'ivorsity. 


